Abstract. We discuss some square-integrable cohomology spaces on a foliated manifold with one-dimensional foliation whose leaves are compact and with a complete bundle-like metric. Applications to a contact manifold are given.
1. Introduction. On a compact foliated manifold with a bundle-like metric, B. L. Reinhart [9] proved that the cohomology of base-like differential forms is isomorphic to the harmonic space of a certain semidefinite Laplacian. In his paper [4] , H. Kitahara discussed the square-integrable basic cohomology spaces on a foliated manifold with a complete bundle-like metric.
In this note, we discuss some square-integrable cohomology spaces on a foliated manifold with one-dimensional foliation whose leaves are compact and with a complete bundle-like metric. Moreover, we give applications to a contact manifold.
The author wishes to express his gratitude to Professor H. Kitahara for several useful suggestions.
2. Preliminaries. We assume that all objects and maps are of class C°°. Let M be a connected, orientable, (n + l)-dimensional Riemannian foliated manifold with one-dimensional foliation 9 whose leaves are compact. We assume that the Riemannian metric ( , ) on M is a bundle-like metric with respect to <5 (cf. [8] ). Let {U; (x,yx, . . . ,y")} denote a flat coordinate neighborhood system with respect to *$, that is, the integral manifolds of ®s are given locally by v1 = cx, . . . ,y" = c", for some constants c\ . . ., c" (cf. [8] ). We may choose, in each flat coordinate neighborhood system {U; (x,yx, . . . ,y")}, 1-form Tj and vectors vx, . . . , v" such that {t/, dyx, . . . , dy"} and {3/9x, t>,, . .. , vn) are dual bases for the cotangent and tangent spaces respectively at each point in U. Hence t/ = dx + 2 A¡dy ', v, = 3/3/ -43/3*, i = 1,2, . . . , n
(cf. [8] , [12] ). Throughout this note, all local expressions for forms and vectors are taken with respect to these bases. We may choose, in (1), A¡ = A¡(x,y) such that (3/3x, v¡) = 0, i' = 1,2, ...,«, where v = (/, . . . ,y"). Then the metric has the local expression ds2 = g^(x, v)t? • r, + 2 gy{y) dy' ■ dy\ (2) where gA¿(x,y) = (3/3x, 3/3x) and gy(y) = (v¡, vj), since the metric (, ) is a bundle-like metric with respect to <% (cf. [8] , [12] ). Definition (cf. [8] , [12] Among examples we show the following one for reference below: Example. Let Ä3 be a Euclidean space with cartesian coordinates (x,yx,y2). We put tj = dx + (-y2)dyx, then (tj, dyx, dy2} is a base for the cotangent space at each point in R3. Let £ be a dual of tj. Then Ä3 is considered a foliated manifold whose leaves are orbits of vector field £. We define a metric ds2 on R3 by
(cf. [10] ). Then we have ds2 = -q ■ -q + dyx • dyx + dy2-dy2. Thus the metric ds2 is a complete bundle-like metric with respect to the foliation. 4. Square-integrable basic cohomology spaces H2S(M). This and the next sections are due to H. Kitahara [4] , that is, they are the special cases of Kitahara's results. The methods are analogous to those of A. Andreotti and E. Vesentini [1] and K. Okamoto and H. Ozeki [7] .
The ""'-operation in A0,S(M) is defined by
xVdet(«!/) t>il-t,dyk'A-■ ■ Ady*"-where (g'J) denotes the inverse matrix of (g¡j) and Sj '.',. "Jk¡... * the Kronecker symbol (cf. [2] , [4] , [9] , [12] ). According to B. L. Reinhart Let L2'S(M) be the completion of A%S(M) with respect to the inner product < , >,. We denote by 30 the restriction of d" to A%*(M) and by 9Q the restriction of 8" to A%*(M). We define 3 = (9^* and 0 = (3)*, where ( )* denotes the adjoint operator of ( ) with respect to the inner product < , >,. Then 3 (resp. 9) is a closed, densely defined operator of ^^(M) into L^+X(M) (resp. ¿^"'(A/)).
Let D §* (resp. Dp) be the domain of the The following orthogonal decomposition theorem is proved analogously to L. Hörmander [3] . In fact, we have to notice that B^(M) and Bfs(M) are mutually orthogonal and that the intersection of the orthogonal complements of Bf(M) and B^(M) is Hp(M). 
L^(M) = Hp(M) © B$*(M) © Bf(M).
The following diagram is commutative:
Then we have the Dolbeault-Serre type theorem. 5. ¿-harmonic forms. In this section, we assume that the bundle-like metric on M is complete.
We consider a function ju on R (the reals) satisfying
It is known that a geodesic orthogonal to a leaf is orthogonal to other leaves (cf. [8] ). Let o be a point in M, and we fix the point o. For each point/? in M, we denote by o(p) the distance between leaves through o and p. Then we put wk(P) = p(ß(P)/k)> k=l,2,3,... . We remark that d'wk = 0 and wk<j> has compact support for each <f> E A°-S(M). We have that wk<j> E Dp n Dp for any <í> E A°^(A/) and 3K<í>) = d"(wk<t>), 9(wk<¡>) = ë"(wk4>).
Lemma 5.1 (cf. [4] ). Under the above notations, there exists a positive number A, depending only on ¡i, such that \\d"wkA<t>\\2<(nA2/k2)\\4,\\2 and \d"wk A *"<i>||2 < (nA2/k2)\m2 for all <p E A0j¡(M), where \\$\\2 = <</>, <*>>,.
In order to prove this lemma, we have to notice that the function p is a locally Lipschitz function and, at points where the derivatives exist, it holds 2 g'Jv¡(p)Vj(p) < n. Then we have \d"wk\2 = 2 g^KHK) < "A2/k2, 
where "-»(strong)" means "converges strongly to". On the other hand, <f>k *(strong) <#>(&-» oo). Since 3 is a closed operator, </> is in Dp and 3<i> = 0. This proves <¡> E Zp(M). In the same way, we may prove the second part.
Definition (cf. Let L^(A/) (resp. Lp(M)) be the completion of A¡f(M) (resp. Ag^A/)) with respect to the inner product < , >. We denote by 30 the restriction of d" to Au'^A/) (or A%S(M)) and by 90 the restriction of 8" to A^M) (or Aj*(A/)). Define 3 = (90)* and 9 = (3)* where ( )* denotes the adjoint operator of ( ) with respect to the inner product < , >. Then 3 is a closed, densely defined operator of L2X<S(M) (resp. Lp(M)) into L^+X(M) (resp. Lp+X(M)), and 9 is a closed, densely defined operator of L]f(M) (resp. L°-S(M)) into L\f~\M) (resp. Lp'x(M)).
The following objects are defined by the same ways as in §4: Dp, Dp, Dp, Dp, In order to prove Theorem 6.3, we have to notice that <<£>, vfV> = <*<p, *«//> for <t>,¡p E Ap(M). 7. n-harmonic forms. In this section, we assume that the assumption (IV) holds and that the bundle-like metric on M is complete. We put Remark. For the relations between certain cohomology spaces and the existence of bundle-like metrics, see H. Kitahara and S. Yorozu [5] .
8. Applications to a contact manifold. First, we cite the definition of the contact manifold. A 1-form tj on a connected (2n + l)-dimensional manifold is called a contact form if tj A (^ï)" ^ 0 at each point in the manifold (cf. [10] ). A connected (2n + l)-dimensional manifold with a contact form is called a contact manifold. On a contact manifold with a contact form tj, there exists a global vector field £ such that tj(£) = 1 and i^drn = 0 (cf. [10] ). A connected paracompact contact manifold with a contact form tj has a Riemannian metric (, ) such that V(X) = (X,0 (6) for any vector field X (cf. [10] ). In fact, let ( , )' be an arbitrary Riemannian metric, and we define (X, Y) = (X-r,{X)t, Y -tj(T)0' + tj(A-) • tj(T)
for any vector fields X and Y. Such a metric ( , ) satisfies (6). Now, let N be a connected (2n + l)-dimensional contact manifold with a contact form tj and a Riemannian metric ( , ) satisfying (6). We assume that £ is a Killing vector field on N with respect to the metric (, ) and that the orbits of £ are compact. An example of such a manifold N is the manifold given in the example in §2.
We Remark. The notion of C-harmonic forms was introduced by S. Tachibana [11] , and Y. Ogawa [6] gave the definition of C*-harmonic forms. They discussed it on compact normal contact metric manifolds. A normal contact metric manifold is a so-called Sasakian manifold (for the definition, see [6] , [10] , [11] ).
For each point in N, there exists a local coordinate neighborhood system {U; (x,yx, . . ., v V+1, . . ., v2")} suchthat t, = dx + 2 (-yn+i) dy' (i = 1,2, . . . , n) and the orbits of £ are given locally by yx = cx, . . . ,y" = c",yn + x = c"+x, . . . ,y2n = c2n
for the same constants cx, . . . , c", cn+x, . . . , c2n (cf. [10] ). {tj, dyx, . . . , dy", dyn + x, . . . , dy2"} and {3/3x, u" . . . , vn, v"+x, . . ., v2n} are dual bases for the cotangent and tangent spaces respectively at each point in U, where v, = 3/3/ + (vn+')3/3x and vn+i = 3/3v"+'.
We may consider N as a foliated manifold whose leaves are orbits of £.
From (6), we have Then, since £ is a Killing vector field on N, the metric ( , ) on N is a bundle-like metric with respect to the foliation, that is, the local expression of the metric ( , ) in U is ds2 = r,-j, + '2gABdyA-dyB where A, B = 1, 2, . . ., 2n. Thus the contact manifold N is a Riemannian foliated manifold with one-dimensional foliation ÍF whose leaves are compact and the Riemannian metric ( , ) on N is a bundle-like metric with respect to 5r. Moreover, the assumption (IV) in §6 is satisfied. Therefore, we may apply the discussions of above sections to the contact manifold N. In order to obtain the applications to N, we have to prepare the decomposition of the operator 8. We have the decomposition of the operator d: 
